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We study spatial variations of the fine-structure constant in the presence of static straight cosmic 
strings in the weak-field approximation in Einstein gravity. We work in the context of a generic 
Bekenstein-type model and consider a gauge kinetic function linear in the scalar field. We determine 
an analytical form for the scalar field and the string metric at large distances from the core. We show 
that the gravitational effects of a- varying strings can be seen as a combination of the gravitational 
effects of global and local strings. We also verify that at large distances to the core the space-time 
metric is similar to that of a global string. We study the motion of test particles approaching 
from infinity and show that photons are scattered to infinity while massive particles are trapped 
in bounded trajectories. We also calculate an overall limit on the magnitude of the variation of 
a for a GUT string, by considering suitable cosmological constraints coming from the Equivalence 
\Q . Principle. 
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I. INTRODUCTION 



There has been a renewed interest in Cosmology in modeling and constraining possible space-time variations of 
the so called "constants" of Nature. On the observational side, the analysis of quasar absorption spectra, by means 
I | of the many-multiplet method, reveals anomalies which could be interpreted in terms of a cosmological variation of 
• a = e 2 /(47rS,c) at low redshift pJQ- However, the situation is presently unclear since other more recent works also 
f**«« ' based on quasar absorption spectra seem to be consistent with no variation of o|l 0, • Meanwhile other studies 
constrain variations of a at low redshift such as those based on atomic clocks @, meteorites and the Oklo 
natural nuclear reactor. At hig h redshifts variations of a are constrained by the Cosmic Microwave Background and 
Big Bang Nucleossynthesis [lfl GH 13 111 III 13 E3 

On the theoretical side, most work has been based on Bekenstein-type models which provide a simple framework 
for studying a variability. Although a variation of a should in principle be accompanied by a change in the value of the 
--«. i others fundamental constants as well as the grand unification scale, one usually takes a phenomenological approach 
Q (see for example Ref . [3EI3EIIil3|2!0l3l3l3IMI^E neglecting possible 

I , variations of the other fundamental constants. 

This paper is an extension of Ref. |34| where the spatial variations of a in the vicinity of static Abelian vortex in the 
context of Bekenstein-type models were investigated. There we considered a scalar field with a generic gauge kinetic 
function and computed the spatial variations of the fine-structure constant predicted in various models. We studied 
two special cases (a gauge kinetic function taking an exponential form which reproduces the original Bekenstein 
model Q, and polynomial gauge kinetic function) and verified that, for certain classes of models, the classical Nielsen- 
Olesen vortex is still a valid solution. However, we showed that, in general, static strings solutions depart from 
the standard Nielsen-Olesen solution with the electromagnetic energy concentrated along the string core seeding the 
spatial variations of a. We have also shown that Equivalence Principle constraints impose tight limits on the allowed 
variations of a induced by cosmic strings networks and calculated a conservative overall limit on the spatial variations 
of the fine-structure constant seeded by cosmic strings on cosmological scales, Aa/a < 10~ 12 , too small to have any 
significant cosmological impact. All these results were obtained in Minkowsky space-time. 

In the present paper, we generalize this previous study to include the gravitational field of the string. The paper 
is organized as follows. In section II we describe the Abelian-Higgs model coupled to Einstein gravity in the context 
of Bekenstein-type models and obtain field equations of motion. In section III we adopt an ansatz to describe static 
vortex solutions and simplify the field equations. We write the components of the energy-momentum tensor of the 
various components and discuss the boundary conditions. In section IV we describe the vortex solutions for the metric 
and for the scalar field that describes the variation of a far away from the string core. We analyse the non-conical 
nature of this metric and its similarity with that of a global string. In the following section we study the effect that a 
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variability has in the geodesies of test particles. In section VI we estimate an overall limit on cosmological variations 
of the fine-structure constant seeded by these cosmic strings. We compare this result with that obtained in Ref. [34| . 
Finally in section VII we summarize and discuss our results. Throughout this paper we shall use units in which 
H = c = 1 and the metric signature + — . 



II. THE MODEL 



We consider the Abelian Higgs model coupled to Einstein gravity in a Bekenstein-type model 0. Let us assume 
that the electric charge is a function of the space-time coordinates, e = eo e(x M ) where e is a real scalar field and eo is 
an arbitrary constant charge. Let <p be a complex scalar field with a U(l) gauge symmetry and be the gauge field. 
The action is given by 

S[ giu ,,<l>,<p,a M ,<P] = I d i x^—g{--^— + (D^) ] {D» 4>) ~ V^) 



16ttG 

- iBp^f^f^ + ^d^d^), (1) 

in which Bp(<p) = e~ 2 (<p) is the gauge kinetic function and ip is a massless scalar field. Here we assume that V{<p, <ft) 
is the usual Mexican hat potential with 

V^,^) = \(\<f>\ 2 -r 1 2 ) 2 , (2) 

where A > and r\ is the symmetry breaking scale. 

In Eq. Q, 1Z is the scalar curvature, D^(j) — (V M + i eg a^)4> are the gauge covariant derivatives, V M is the covariant 
derivative and the electromagnetic field tensor is given by 

ffiu = d,j,a v - dva^. (3) 

The gauge kinetic function acts as the effective dielectric permittivity that can be phenomenologically assumed as an 
arbitrary function of ip. We take 

B F {ip) = l + kip (4) 

where we assume k to be a constant. Equivalence Principle tests [IS ESS] lead to the constraint k < 5 x 10~ 4 G 1 / 2 . 

We consider a static straight self gravitating string. In order to determine its gravitational field outside the core 
we take the most general static axially symmetric metric [39| verifying the condition poj 

(8 t t +6 e e )T + 2(T i +Tl) = (5) 

where is the total energy-momentum tensor, T is its trace and 6tf is the Delta Kronecker symbol. This is given 

by m 

ds 2 = e 7 (dt 2 - dr 2 - dz 2 ) - <j 2 e~ 7 d9 2 , (6) 
where 7 and a are functions of r, the coordinate distance to the string core. The Einstein equations then become 

G p „ = (D, ^ {D u 4>) - ~ 9tlv (D j 0) f {Di 0) + ^ (|0| 2 - r, 2 ) 2 9lMU 

+ ~ 9tiv Bp(ip) u r b - ~ Bp if) fa, r g ac + 

and the equations of motion for the scalar and gauge fields are 

D ^ = — () 

V„ [B F {v)fn=i >1 (10) 



where the current is given by 



j» = ie o [0(D^y -cb^D^)]. (11) 
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III. THE FIELD EQUATIONS 



We now look for static solutions choosing "vortex units", i.e., in which the core size (l/-\/Af?) is unity. Let us define 
the variables 

R = VAryr (12) 
a = r\OL (13) 

to rewrite the equations of motion (|7I10|) . 

A natural way to rewrite the fields that makes manifest the degrees of freedom of our model is 

<f>(R) = VX (R)e lNS , (14) 

a e (R) = J-[P(R)-N] (15) 
e R 

with all other components of a M set to zero, x an d P are real functions of R which are massive in the broken symmetry 
phase. For simplicity we choose N = 1 in our ansatz. 
The Einstein equations, Eq. (0, can be rewritten as 

G fiv = (M^+S fil/ {cp), (16) 

where £ is given by 

( = 8nGrf. (17) 

M^ v and Sp, v (ip) are the rescaled stress energy momentum tensors for the vortex and scalar fields, whose elements are 
respectively given by 

Ml =£ = e-~< A' 2 + e< + 0(tp) ^ + (A 2 - l) 2 (18) 

= -Vr = -e-> A' 2 + e< - /%) ^ + (A 2 - l) 2 (19) 

Mjj = -Vg = e-t A' 2 — e 7 - /%) ^ + (A 2 - l) 2 (20) 

Ml = -V z = Ml (21) 

where 

\_ 

is the Bogomoln'yi function and 



/%) = B r(<P) ( 22 ) 



Si = S° g = SI = -S r r = Je-V 2 (23) 



with a prime meaning a derivative with respect to the variable R. 
The full equations of motion, Eq. I|7I1U|I arc 



a" = -Qa^{e-Vn) (24) 

( CT7 ')' = C^ (P R + Pg) (25) 

V 2 a 

u'i = <j-^- + C<je~< P R + -cp' 2 (26) 

^'=\^fS (27) 

M = ^ t , (I .. 1)t , (28) 

e i \ ' x 2 P 

m-P') =e 27 ^- (29) 
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with the Bianchi identity given by 



CK + c(^-jyV R -V e ) + Cj'£ + Cl'V R + ^'k(^pj = 0. (30) 

The Bogomoln'yi limit is when Bp = 2 eg/A. In this limit the vortex equations, Eq. i|28|) and Eq. H29|l can be reduced 
to a pair of first order differential equations. 

In the limit £ = the string is not coupled to gravity. Using the results of Ref. [34[ , Eq. I|24I29[1 describe a vortex 
in a linearized Bekenstein theory when at the core and at very far distances from it one verifies the conditions: 

lim X (R) = 0, lim X (R) = h (31) 
lim P(R) = l, lim P(R)=0, (32) 

it— >0 R^oo 

lim^(*) = l, £3, S = °- (33) 

In this limit which there are no variation of a, which by Ref. |34j means that in this case the vortex must be the 
Nielscn-Olesen one. Thus, the vortex field rapidly falls off to their vacuum value outside the core. 

For ( < 1 we have a weak gravitational coupling regime, that is, such the one at Grand Unified Scales (rj ~ 10 16 
Gev, i.e., ( ~ 10~ 6 ). In this case the gravitational corrections are weak enough and we can still assume that the 
vortex fields do quickly asymptote the vacuum outside the core. 



IV. ASYMPTOTIC SOLUTIONS 



Up to order 0(C 2 ) one gets for the asymptotic vortex geometry and the scalar field 

a = (1 - A)R + B, (34) 

7 = A (35) 
<p = kH ln((l- A)R + B), (36) 

which is a Levi-Civita |4l| solution for the metric with A, B, D and H given by 

/■oo 

A = ( R(£ - Vob.) dR, (37) 
Jo 

/>oo 

B = ( R 2 (£ - Vob) dR, (38) 
Jo 

i' oo 

D = ( R Vob. dR, (39) 



Jo 

H = CJ ^dR. (40) 

Here £ o and Vob are the rescaled energy density and radial pressure of the Nielsen- Olesen string which are given by 
Eq. i|18fl and Eq. (|19|l . with 7 = 0, a = R, Bp = 1 and xo and Po are the Nielsen-Olesen vortex fields. Note that since 
these fields rapidly fall off to their value vacuum outside the core, the integrals A, B, D and H rapidly converge( to 
their asymptotic constant values). 
Let us define 

t = te~*, z = ze~*, R = Re%. (41) 
One gets for the asymptotic form of the metric 

ds 2 = R k2 h2 (dP - dz 2 - dR 2 ) - (1 - 4 G M ) 2 R 2 - k2 r2 d9 2 (42) 
where /i is the string energy per unit length, given by AG n = A + D, and 

ip~m(R) kH . (43) 
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We note that for kH < 1 e R > 1, 

R k 2 H 2 _ x + k 2 H 2 lni?j ^ 



and therefore the massless scalar field introduces an asymptotic form for the metric reminiscent of the global string 
with a conical deficit angle [H IS EH . 

The non-conical effects become important when R k H we 2 , that is, 

R « ePV > e ( 3xl ° 26 ) (45) 

where we used 

H = C, h (46) 

which for a GUT string gives numerically that h ~ 1CP 1 and thus H ~ 10~ 7 . For a typical core size 10 -32 m one 
gets in vortex units that k < 8 x 10~ 7 which means non-conical effects for scales 

r > e 3xl ° 26 x 1CT 32 m ~ lO 10 ' 6 Afpc, (47) 

i.e., well beyond any reasonable cosmological scale. 

We can also verif y th at the asymptotic form for the metric in Eq. I|42l) is equivalent to that of a dilatonic string in 
the Einstein frame |45j with a =^ — 1 where e 2a ^ is the coupling of the vortex fields to the dilaton tf>. 

V. GEODESICS 



In this section we discuss the motion of test particles on the presence of varying a strings. These follow the geodesies 
in the space-time presented in Eq. l|4*2|l . 

The radial motion of a test particle in a plane transverse to the string, dz = 0, is given by 



- 2 J 2 p E 2 

R + ^- + 4- = -^r— 

R 2 R v R 2v 



(48) 



where v = (k H) 2 and the dot denotes a derivative with respect to the proper time along a time-like geodesic, or 
an affine parameter for photons. The parameter p is either one or zero, representing either a massive particle or 
photon respectively. E and J are constants of the motion representing the particle energy and angular momentum 
respectively, and are given by 



E = g t( t = R v t 



J 



(1-4G» R?~" 6 



(49) 
(50) 



l-4G/i 

It is useful to redefine the radial coordinate p by using: 

p={R» +l )/{ V + l). (51) 
Substituting Eq. I|51|) in Eq. (|48p. one gets the p-radial motion as that of a unit mass particle of energy E 2 /2 



h 2 J 2 2(u—i) r> v E 2 

P - + - [p (y + 1)P^ + | [p{v +1)]~= — 



with an effective potential given by 

u et! (p, v ) 

Since v is of order 0(£ 2 ), to leading order one gets 



(52) 



(53) 



U c{f (p, v) 



J 



[Pi 



(54) 



FIG. 1: U e ff as a function of p for a photon with J 2 = 2. The solid lines are for v — 0.4, v = 0.5 and v = 0.6, while the 
dashed line is for v — 0, in which a does not vary. 



If one considers k = in Eq. (|42Jl one gets the asymptotic space-time of a local string in the weak coupling regime 
which is given by |44| 



ds 2 = di 2 -di 2 -dR 2 - (1 -4G» 2 i? 2 d( 



(55) 



Thus the effective potential is a scattering potential not only for photons but also for massive particles as it is shown 
for J 2 = 2 and v = in Fig.^and Fig. (dashed lines). 

For k ^ 0(that is v ^ 0), in Eq. H54[). there are three different possible asymptotic regimes for U e ff depending 
whether v < 0.5, or v — 0.5 or v > 0.5. We notice that for GUT strings v < 0.5. In this case, U e ff is still a 
scattering potential for photons but now the scattering occurs asymptotically at closer distances to the string, as one 
can check for v = 0.4 through Fig. Q (solid line). Nevertheless for massive particles the trajectories are bounded. The 
effective potential has a minimum given by 



8 J 



2 (^-l/2) 2 



(56) 



and it is plotted in Fig. |21 (solid line), for v = 0.4. 

For v = 0.5 and for photons the effective potential is constant {Ueff = J 2 /%)- Thus for E > J photons behave 
like free particles, while for massive particles all the trajectories are bounded as one can check through Fig. ^ and 
Fig. EJsolid lines). 

Finally for v > 0.5 photons still behave like free particles for E > J. Meanwhile for massive particles the energy 
potential has an extremum at 



__ [ 1 v 
P ~ [j2 2(1 -2 i/) 2 

that for 0.5 < v < 2/3 is a minimum while for v > 2/3 is a maximum. Thus the trajectories of massive particles are 
bounded for 0.5 < v < 2/3 the particles are scattered by the potential as one can see in Fig. [21 and Fig.^solid lines). 
These geodesies are similar to those for a global string, which present bounded trajectories for massive particles. In 
fact the effective potential in Eq. (|54|l can be rewritten as 

U eff (p, v) = U eff (p, v= 0) (1 - 2 v) - | P ^{\ -2i/) + |p", (58) 

i.e., a contribution coming from the local nature of the string space-time corresponding to U e ff(p, v = 0), combined 
with terms of global nature. The functions /7 e //(p, v = 0) and U e f f(p,v) always intercept in a single point for a 
certain distance to the core. 

We note that for a GUT string v is less than 10 -26 . This means that in Fig. ^ and Fig. [2 we should be looking to 
much larger scales so that in fact the changes in the geodesies are not mensurable. 



(57) 



FIG. 2: U e ff as a function of p for a massive particle with J 2 = 2. The dashed line is for v — 0, in which a does not vary. 
The solid lines are for v — 0.4, v = 0.5, v = 0.6 and v — 0.7. For ^ = 0.4, U e fj has a minimum at p = 0.32 while for = 0.6 
the minimum is at p — 1.3 x 10 -3 . Meanwhile for v = 0.7 the effective potential has a maximum at p = 2.45. 



VI. CONSTRAINTS ON VARIATIONS OF a 



We now estimate an upper limit for the spatial variations of a. Given that 




) 



(59) 



where eo is an arbitrary constant electron charge, we get from Eq. I|43fl that 




,2kH 



(60) 



Then the fine-structure increases with the distance to the core of the string. Taking into account that we cannot 
observe scales larger than the horizon(~ 10 4 Mpc) and that is unlikely to probe variations of a at a distance much 
smaller than lpc from a cosmic string, Eq. H6()|) implies an overall limit on observable variations of the fine-structure 
constant seeded by GUT cosmic strings of 



This limit is too small to have any significant cosmological impact. These variations are consistent with the variation of 
a obtained in Ref. [34( which neglected gravitational effects, because the gravitational perturbations to the Minkowsky 
metric are small for a GUT string. 



In this article we studied string vortex solutions in Bekenstein-type models with a gauge kinetic function linear in 
the scalar field. The spatial variations of a produce an asymptotic form for the string metric which is a reminiscent 
of that of global strings. We showed that for GUT strings the non-conical effects in the metric become evident only 
for very large scales (well beyond the present Hubble radius). We have shown that photons approaching the string 
from infinite distances to the core will be scattered while massive particles are trapped in bounded trajectories. For 
GUT strings one gets A a/a < 10 -12 in agreement with the result presented in Ref. |2J] which is too small to be 
of any cosmological relevance. We shall leave for future work the study of dilatonic a- varying strings. However, we 
anticipate that these should be similar to strings in axion-dilatonic gravity 0] with a generic kinetic gauge coupling. 
In this case it should be possible to relate the variations of fine-structure constant with those of the gravitational 
constant. 




12 



(61) 



VII. CONCLUSIONS 
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